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Abstract
We investigate heat and mass transfer in an unsteadyMHD nanoﬂuid boundary layer ﬂow due to a stretching surface. The traditional
model which here includes the eﬀects of Brownian motion and thermophoresis is revised, so that the nanoﬂuid particle volume
fraction on the boundary is passively rather than actively controlled. In this respect the problem is more realistic. This problem is
modeled using systems of nonlinear partial diﬀerential equations which have been solved numerically using the spectral relaxation
method. The results are benchmarked with previously published results.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
The mathematical study over stretching sheet is increasing recent years due it’s importance in science and engineer-
ing ([1]). The nanoﬂuid represents a liquid in which nanoscale particles are suspended in a base ﬂuid with low thermal
conductivity such as water, oils, rthylene glycol etc. In recent years, the concept of nanoﬂuid has been proposed as
a route for increasing the performance of heat transfer in liquids. The model for a nanoﬂuid including the eﬀects of
Brownian motion and thermophoresis, introduced by Buongiorno [2] which was carried out by Kuznetsov and Nield
[3] to the classical problem. In their pioneering problem they employed boundary conditions on the nanoparticle
volume fraction. MHD ﬂow, heat and mass transfer has many important technological and industrial applications
such as micro MHD pumps, micromixing of physiological samples and drug delivery. Recently, on unsteady MHD
mixed convection in a nanoﬂuid due to a stretching/shrinking surface with suction/injection using a spectral relaxation
method were reported by Haroun et al. [4]. The aim of the present study is to analyze the eﬀects of Brownian motion
and thermophoresis parameters on a boundary condition that is more realistic physically. In a recent paper, Kuznetsov
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Fig. 1. Geometry of the physical model.
and Nield [5] suggested that the nanoparticle volume fraction ﬂux at the boundary cannot be actively controlled. Very
recently, Haroun et al. [12] investigated heat and mass transfer in a magnetohydrodynamic nanoﬂuid ﬂow due to an
impulsively started stretching surface. The mathematical problem with this type of boundary conditions has not been
studied extensively on previous studies on an unsteady nanoﬂuid in presence of chemical reaction and magnetic ﬁeld.
In this study we solve this type of problem numerically by using spectral relaxation method (Motsa [6]).
2. Governing Equations
Consider the two-dimensional Unsteady natural convective boundary-layer ﬂow of heat and mass transfer nanoﬂuid
past a vertical platesituated at y = 0 with stretching velocity u(x) = ax where a is a positive constant as shown in
Figures 1. At the surface both the nanoﬂuid and the sheet are kept at a constant temperature Tw where Tw > T∞ is
for a heated stretching surface and Tw < T∞ corresponds to a cooled surface. The boundary layer temperature and
nanoparticle volume concentration are T and φˆ respectively. The ambient ﬂuid temperature and nanoparticle volume
fraction are T∞ and φˆ∞ respectively. Using the Boussinesq and the boundary layer approximations, the governing
equations are,
∂u
∂x
+
∂v
∂y
= 0, (1)
∂u
∂t
+ u
∂u
∂x
+ v
∂u
∂y
=
μn f
ρn f
∂2u
∂y2
+ gβT (T − T∞) −
σB20
ρn f
u, (2)
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+ u
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∂φˆ
∂t
+ u
∂φˆ
∂x
+ v
∂φˆ
∂y
= DB
∂2φˆ
∂y2
+
DT
T∞
∂2T
∂y2
− K(φˆ − φˆ∞), (4)
where u and v are the ﬂuid velocity and normal velocity components along x− and y−directions respectively, μn f ,
ρn f , σ, B0, g are the the eﬀective dynamic viscosity of the nanoﬂuid, nanoﬂuid density, electrical conductivity, the
uniform magnetic ﬁeld in the y-direction and gravitational acceleration, βT , T , φˆ, αn f , τ∗(= (ρc)p/(ρc) f ) are the vol-
umetric thermal expansion coeﬃcient, volumetric solutal expansion coeﬃcient, temperature of ﬂuid in the boundary
layer, nanoparticle volume fraction, the thermal diﬀusivity of the nanoﬂuid, the ratio of eﬀective heat capacity of
the nanoparticle material to heat capacity of the ﬂuid, DB, DT , T∞, K are the Brownian motion coeﬃcient, the ther-
mophoretic diﬀusion coeﬃcient, mean ﬂuid temperature and the chemical reaction parameter.
The boundary conditions
t ≥ 0 : u = Uw(x) = ax, v = 0, T = Tw, DB ∂φˆ
∂y
+
DT
T∞
∂T
∂y
= 0 at y = 0,
t ≥ 0 : u, v→ 0, T → T∞, φˆ = φˆ∞, as y→ ∞, (5)
where a is the stretching/shrinking rate and stagnation ﬂow rate parameters, with a < 0 for shrinking, a > 0 for a
stretching. The eﬀective dynamic viscosity of the nanoﬂuid was given by Brinkman [7] as
μn f =
μ f
(1 − φ)2.5 , (6)
(ρcp)n f = (1 − φ)(ρcp) f + φ(ρcp)s, ρn f = (1 − φ)ρ f + φρs, νn f = μn f
ρn f
,
αn f =
kn f
(ρcp)n f
,
kn f
k f
=
(ks + k f ) − 2φ(k f − ks)
(ks + k f ) + φ(k f − ks) , (7)
where φ and μ f are the solid volume fraction of nanoparticles and the dynamic viscosity of the base ﬂuid. In equa-
tions (1) to (4) and νn f , ρn f , (ρcp)n f , kn f , k f , ks, ρs, (ρcp) f , (ρcp)s are the nanoﬂuid kinematic viscosity, the density
of nanoﬂuid, the nanoﬂuid heat capacitance, thermal conductivity of the nanoﬂuid, thermal conductivity of the ﬂuid,
the thermal conductivity of the solid fractions, the density of the solid fractions, the heat capacity of base ﬂuid, the
eﬀective heat capacity of nanoparticles, respectively.
The continuity equation is satisﬁed by introducing a stream function ψ(x, y) and the following non-dimensional vari-
ables, (see Liao [8]) such that
u =
∂ψ
∂y
, v = −∂ψ
∂x
. (8)
ψ =
[
aν f ξ
] 1
2 x f (ξ, η), ξ = 1 − exp(−τ), τ = a t, η =
[
a
ν f ξ
] 1
2
y, (9)
θ(ξ, η) =
T − T∞
Tw − T∞ , Φ(ξ, η) =
φˆ
φˆ∞
, (10)
where η, ξ and τ are dimensionless variables and the dimensionless time, f (ξ, η) is the dimensionless stream function,
θ(ξ, η) is the dimensionless temperature and φ(ξ, η) is the dimensionless solute concentration.
We get the dimensionless governing equationa by using the dimensionless variables
f ′′′ + φ1
[
(1 − ξ)1
2
η f ′′ + ξ
(
f f ′′ − f ′2 − M f ′ +Grtθ
)]
= φ1ξ(1 − ξ)∂ f
′
∂ξ
, (11)
θ′′ + φ2Pr
(
k f
kn f
) [
(1 − ξ)1
2
ηθ′ + ξ f θ′ + Nbθ′Φ′ + Ntθ′2
]
= φ2Pr
(
k f
kn f
)
ξ(1 − ξ)∂θ
∂ξ
, (12)
Φ′′ + S c
[
(1 − ξ)1
2
ηΦ′ + ξ fΦ′
]
+
Nt
Nb
θ′′ − γξS cΦ = S cξ(1 − ξ)∂Φ
∂ξ
, (13)
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subject to the boundary conditions
f (ξ, 0) = 0, f ′(ξ, 0) = 1, θ(ξ, 0) = 1, NbΦ′ + Ntθ′ = 0, η = 0 , ξ ≥ 0,
f ′(ξ,∞) = 0, θ(ξ,∞) = 0, Φ(ξ,∞) = 0, η −→ ∞, ξ ≥ 0. (14)
Where primes denote diﬀerentiation with respect to η, α f = k f /(ρcp) f and ν f = μ f /ρ f are the thermal diﬀusivity and
kinetic viscosity of the base ﬂuid, respectively. Other non-dimensional parameters appearing in equations (11) to (13)
are Ha, Grt, Pr, Nb, Nt, S c, and γ denote the Magnetic parameter, local temperature Grashof number, Prandtl num-
ber, Brownian motion parameter and thermal phoresis parameter, the Schmidt number and scaled chemical reaction
parameter. These parameters are deﬁned mathematically as
M =
σB20
aρn f
,Grt =
gβT (Tw − T∞)x3
ν2f
, Pr =
ν f
α f
,
Nb =
(ρc)pDBΦ∞
ν f (ρp) f
, S c =
ν f
DB
, γ =
K
a
, Nt =
(ρc)p DT (Tw − T∞)
T∞ν f (ρp) f
. (15)
The nanoparticle volume fraction φ1 and φ2 are deﬁned as
φ1 = (1 − φ)2.5
[
1 − φ + φ
(
ρs
ρ f
)]
, φ2 =
[
1 − φ + φ (ρc)s
(ρc) f
]
. (16)
The skin friction coeﬃcient, local Nusselt number are obtained as
C f x =
2τw
ρ f U2w
,Nux =
xqw
k f (Tw − T∞) . (17)
The reader will note that the dimensionless mass ﬂux represented by a Sherwood number S hx is now identically zero
due to the revised nanoﬂuid model.
3. Results and Discussion
Table 1. Comparison of the SRM solutions for f ′′(ξ, 0) for diﬀerent values of ξ when the other parameters are same as those published papers
Kechil and Hashim [10] Srinivasa and Eswara [11] Present Results
ξ
0.0 -0.5643740 -0.5643740 -0.5641896
0.1 -0.6150550 -0.6106120 -0.6104676
0.3 -0.7115696 -0.7115610 -0.7115697
0.9 -0.9633761 -0.9623398 -0.9623380
1.0 -1.0000000 -1.0000000 -1.0000019
The equations (11) to (13) are solved using the SRM (Motsa [6]). The thermophysical properties of the nanoﬂuids
used in the numerical simulations are given in [9]. Extensive calculations have been performed to obtain the velocity,
temperature, concentration proﬁles as well as skin friction etc for various values of physical parameters such as φ,
M, Grt, Pr, Nb, Nt, S c and γ. To determine the accuracy of our numerical results, the skin friction coeﬃcient is
compared with the published results of Kechil and Hashim [10], Srinivasa and Eswara [11] in Tables 1. Here we have
varied the ξ while keeping other physical parameters ﬁxed. Table 1 gives a comparison of the SRM results with those
obtained by Kechil and Hashim [10], Srinivasa and Eswara [11] whenGrt = γ = φ = 0, Pr = 7, S c = 0.4 and M = 0.0
for diﬀerent values of the ξ. It is observed that the present results are in good agreement with the previously published
results.
The eﬀects of the nanoparticle volume fraction and M on the ﬂuid velocity, temperature, concentration proﬁles as well
as on skin friction are shown in Figures 2 - 4. From Figures 2 - 3, it is evident that the solute concentration decreases
with increasing nanoparticle volume fraction while the velocity and temperature skin friction increase. This is because
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Fig. 2. Eﬀect of various nanoparticle values fraction φ on (a) and (b) for Grt = 0.2, M = 0.2, Nt = 0.01, Pr = 7, Nb = 0.01, γ = 1, S c = 1 and
ξ = 0.5.
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Fig. 3. Eﬀect of various nanoparticle values fraction φ on (a) and (b) for Grt = 0.2, M = 0.2, Nt = 0.01, Pr = 7, Nb = 0.01, γ = 1, S c = 1 and
ξ = 0.5.
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Fig. 4. Eﬀect of various nanoparticle values fraction φ and Magnetic parameter M respectively, on Skin friction coeﬃcient forGrt = 0.2, Nt = 0.01,
Pr = 7, Nb = 0.01, γ = 1 and S c = 1.
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with an increase in nanoparticles volume fraction, the thermal conductivity of the nanoﬂuid increases, which reduces
the thermal boundary layer thickness and the temperature gradient at the wall. The axial velocity in the case of an
Ag-water nanoﬂuid is comparatively less than that in the case of a Cu-water nanoﬂuid. The temperature distribution
in an Ag-water nanoﬂuid is higher than that in a Cu-water nanoﬂuid and this is explained by the observation that the
thermal conductivity of silver is less than that of copper. The concentration boundary layer thickness is higher for the
case of a Cu-water than that for the case of an Ag-water nanoﬂuid. Figure 4 (a) and (b) show that the skin friction
coeﬃcients − f ′′(0, ξ) increases monotonically with increasing ξ. The result is true for both types of nanoﬂuids. The
minimum value of the skin friction in the case of a Cu-water nanoﬂuid is achieved at a smaller value of ξ in comparison
with a Ag-water nanoﬂuid. Furthermore, in this paper it is found that the Ag-water nanoﬂuid shows higher drag as
compared to the a Cu-water nanoﬂuid. The maximum value of the skin friction in the case of a Ag-water nanoﬂuid is
achieved at the value of ξ = 1 in comparison with an Cu-water nanoﬂuid in two ﬁgures (a) and (b)respectively.
4. Conclusions
We have investigated the heat and mass transfer in an unsteady MHD boundary layer ﬂow in nanoﬂuid due to
a stretching surfaces with chemical reaction and an applied magnetic ﬁeld. From the numerical simulations, some
results can be drawn as follow:
[i] The velocity proﬁle increase with increase in the nanoparticle volume fraction while the opposite trend is observed
with increase in the value of the nanoparticle volume fraction.
[ii] The temperature and concentration proﬁles increase with increasing in the values of the nanoparticle volume frac-
tion and thermophoresis parameter while the opposite trend is observed for the concentration proﬁle with increasing
in the values of Brownian motion parameter.
[iii] The values of skin friction increase with increase in the values of the nanoparticle volume fraction and magnetic
parameter M.
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